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CON DUONG CUA TU DUY

pé bai: Bai 1: Click here

Thaoi gian chay téi da: 0.5 gidy

Bai todn dwa vé giai hé sau vdi cac nghiém nguyén duong m, n:
mn + (m+1)*(n+1) = 2k (*1)

|[m-n| — min (*2)

Trong d6: k 1a hang s& duong cd dinh, khong thay déi.

Bai viét ndy gébm cac phan:
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Dbi vdi ky thi tuyén sinh Dai hoc khéi A
Trong trudng hop m, n, k 1a s6 thyc dwong (m,n,k € R, k > %) thi bai toan duwa ra x&rng dang la mét

cau trong deé thi Dai hoc mdn Todn khéi A.

Cdch giai trong trudng hop téng quat véi m, n, k 13 s6 thue dwong nhu sau, k >= 1/4 (1&i gidi nay cdia minh
c6 18 khong dugc ty nhién cho 13m):

Ta bién d6i tir (*2):

|[m—-n| —> min

< (M-n)A2 — min

< mA2 4+ nh2-2mn — min (1)

O day, ta thay xuat hién tich mn trong biéu thire tim min. Ta thdy trong phwong trinh (*1) chira tich mn,
vay ta s& bién d6i phuong trinh dé dé 1ay duoc gia tri cla tich mn dé 13p vao (1).

Ta cé tlr phwong trinh (*1):
mn + (m+1)*(n+1) = 2k

& mn = 2k — (m+1)*(n+1) (2)
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Lap (2) vao (1) ta duogc diéu twong dwong 1a can tim:

mA2 + n?2 —2(2k — (m+1)*(n+1)) > min

< mA2 +n?2 =4k + 2(m+1)(n+1) = min

S mA2+nr2 -4k +2mn+2m +2n + 2 — min

< (M+n)A2 + 2(m+n) — 4k + 2 — min

< (M+n)A2 +2(m+n) +1 -4k +1 — min

< (M+n+1)A2 —4k + 1 — min

& (m+n+1) A2 > min  (do k 1a hing s6 ¢6 dinh)
Sm+n+1—min (dom,n € RY)

< m+n — min (3) (wow, ban cé thay thu vi khong? Dé bai yéu cau tim |m-n| min)
Bay gid, ta tim cach tinh gia tri cia m qua n. Tir phuong trinh (*1) ta cé:
mn + (m+1)*(n+1) = 2k

Smn+mn+m+n+1=2k

S2mn+m+n+1=2k

< m(2n+l)=2k-n-1

< m=(2k—-n=-1)/(2n+1) (4)

L3p (4) vao (3) ta duoc:

m+n — min

< (2k=n-1)/(2n+1) + n > min

< [2k-1/2(2n+1) = 1/2]/(2n+1) + n = min

< (2k-1/2)/(2n+1) = 1/2 + n — min

< (2k-1/2)/(2n+1) + 1/2(2n+1) = 1 — min

< (2k-1/2)/(2n+1) + 1/2(2n+1) — min (5)

Do dé baicho k>=1/4 nén 2k >=1/2 nén2k—-1/2>=0

Ap dung bat dang thirc Co-si cho (5) ta cd:

(2k-1/2)/(2n+1) + 1/2(2n+1) >= 2*can[ (2k-1/2)/(2n+1) * 1/2(2n+1) ]
< (2k-1/2)/(2n+1) + 1/2(2n+1) >= 2*can[ (2k-1/2) * 1/2 ]

Do k |2 hdng s6 ¢6 dinh nén 2*can[ (2k-1/2) * 1/2 ] ciing la hdng s6 cd dinh.
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D4u “=" xay ra khi va chi khi:

(2k-1/2)/(2n+1) = 1/2(2n+1)

< 2(2k=1/2) = (2n+1)A2

< 2n+1=can[2(2k-1/2)]

< n={can[2(2k-1/2)]-1}/2 (6)

Lap (6) vao (4) |a ta tinh duwoc m theo k.

Thir nghiém:

Vi k = 9 thi thir nghiém trén may tinh Casio Fx 570MS cho ra hai nghiém vo ti m, n véi m = n. Va di nhién

| m-n|dat min bé&i gia tri |m-n|= 0 khi do.

Dbivai dé thi Olympic Tin hoc sinh vién, khdi chuyén Tin hoc (thuat toan1)
Viéc m, n 13 s& nguyén duong lam cho bai todn phurc tap hon so vdi bai todn tuyén sinh vao Dai hoc khéi
A rat nhiéu:

Nhu d3 néi & trén, ta c6 thé tim gia tri cia m thdng qua gid tri cda n.
Theo biéu thirc (4) & trén ta cé:

m=(2k—n-1)/(2n+1)

Ma m € Z* nén:

(2k—=n=1)/(2n+1) € Z*

& [(2k - 1/2(2n+1) = 1/2)] / (2n+1) € Z*

& (2k=1/2)/2n+1) - 1/2 € 7+

& (4k—1)/(4n+2)-1/2 € Z*F

< 1/2 *[(4k-1)/(2n+1) - 1] € Z*

< (4k-1)/(2n+1)-1€ ZF (vi néu (4k-1) i (2n+1) thi (4k — 1)/(2n+1) chdc chdn la s6 1&)
& (4k-1)/(2n+1) € Z7F

& ak—1:2n+1 (7)

Tir day, ta c6 thé 1ap trinh duworc roi:

Ta tim cac wéc [ cha 4k-1 (vi 2n+1 13 s6 [8). V&i mdi wdc, ta gan 2n+1 cho gid tri cha wéc [& d6 réitimran
(n € Z%), sau d6 dwa vao biéu thirc (4) d& tim ram thong qua n (n € Z*) = Né&u ban dé y, viéc nhan ra chi
can tim cac udc 1é cta 4k-1 thdi da lam cho d6 phirc tap cla thuat todn gidm di mot nlra réi (cach nay goi
la gidam dé phurc tap dya vao hinh dang dir liéu).

m=(2k—n-1)/(2n+1) (8)
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Sau do tim min cac cap (m, n) vira tim duoc.
Vidu 1:
k=9 = theo (7) ta c6 4k-1=4*9 -1 =35=1*35 =5*7

e Vdi2an+1=1 =n=0loai)

e V&i2n+1=35 = n=17.Theo (8) ta dugc: m =0 (loai)

e V6i2n+1=5 = n=2.Theo(8)tadugc:m=3 (thda man) (9)
e V3i2n+1=7 =n=3.Theo(8)tadugc:m=2 (thda mén) (10)

L4y min cta hiéu cac cdp s6 (9) va (10) ta thay (2, 3) va (3, 2) déu thda man yéu cau dé bai, tirc |a gia tri
|m-n| cda chdng khi d6 dat min.

Vidu 2:
k =6 = theo (7) ta c6 4k-1=4*6— 1 =23 = 1*23

e Vdi2an+1=1 =n=0 loai)
e V3i2n+1=23 = n=11.Theo (8) ta dugc: m = 6/23 (loai)

Vay khéng c6 cip s6 nao thda man dé bai.
D6 phirc tap cta thuit toan
Ta thay néu (a, b) 1a mdt cdp sé thoa man dé bai thi (b, a) cling 1a mot cdp s6 théa man dé bai.

Chinh vi vay trong viéc tim wéc cla 2n+1, ta chi can xét cac udc 1 tir 1 tdi sqrt(4k-1) ma thoi. V&i moin,
ta tim ngay ram.

DO phirc tap clia thuat todn la: T(n) = O(t* 1/2 * sqrt(4k-1)) = O(t*1/2*sqrt(4k))
Trong dé: t la sé tests dé bai yéu cau.

D& bai cho han ché nhu sau:

1<=t<=20

1<=k<=10"12

Thay t = 20, k = 10712 vao O(t*1/2*sqrt(4k) ta duoc: T = 2*¥10/7

(theo: http://www.wolframalpha.com/input/?i=20*1%2F2*sqrt%284*10212%29)

Ma mdt thuat todn O(n) cé thé chay dwoc véi max n = 1077 trong 1 gidy (trén mdy chdm cla SPOJ,
may laptop cla minh thi ¢ thé chay téi n = 1078, nhwng ching ta khéng tinh laptop cé nhan).

(theo:
http://webcache.googleusercontent.com/search?g=cache:EKyDiEKfsAgJ:vnoi.info/index.php%3Foption
%3Dcom fireboard%26func%3Dview%26id%3D59093%26catid%3D4%26ltemid%3D26+&cd=1&hl=vi&ct
=cInk&gl=vn)
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Nhu vay, trong thoi gian 2 gidy ta hoan toan cé thé chay duwoc vdi n = 2*1077. Nhuwng dé bai lai yéu cau
phai két thuc sau 0.5 gidy = Ban phai tim thuit todn khéc, hodc tinh ché lai thuat toadn & trén.

Céch tiép can khdc (thuat toan2)
Gi&r day, ta chd y tdi yéu cau cla bai todn: tim min cla |m-n|

Ta thay rang néu (a, b) 1a nghiém cta hé thi (b, a) cling 1a nghiém cta hé. Nén khong mat tinh téng quat
gid sr: m<=n

Vay néu |m-n| =x (x € Z) thi:

n-m=x

<N = mx (9)

Thay (9) vao (*1) ta duoc:

mn + (m+1)*(n+1) = 2k

< m(m+x) + (m+1)*(m+x+1) = 2k (10)

Phuong trinh (10) |a phuwong trinh bac hai 8n m. D6 phirc tap dé gidi phwong trinh (10) chi la O(1).
Mat khac, khai trién phuong trinh (10) dé tim ra théng tin vé bién x ta dwoc:
x(m+m+1) + [m”*2 + (m+1)72] = 2k

S X(2m+1) + (2mA2 + 2m + 1) = 2k

< x=[2k=-2mA2 -2m—-1]/ (2m+1)

Dom € Z* nénm >=1. Vay x <=k

Chuong trinh:

Cho x dan tir 0 tré di t&i k. V&i mdi x, gidi phuong trinh (10) dé 18y nghiém m. Néu nghiém m € Z* thi
dirng chuong trinh ngay. T m tim ra n theo cong thirc (9).

D6 phirc tap trong trwdrng ho'p xau nhat khi khéng ton tai nghiém m € Z1 1a: T(n) = O(t*k)
Vait=20,k=10712 thi T=20*10"12 = 2*10713 = 2*1076 * 10°7

Trong truwong hgp nay chuong trinh chay trong thoi gian: 2*¥1076 gidy ~ 23 ngay = Khong kha thi = Nén
tim céch khdéc.

(theo: http://www.wolframalpha.com/input/?i=2*1026+%2F+%2824*60*60%29)

Két luan 1

Cé thé la mday cham cla ky thi Olympic Tin hoc manh hon may chdm cda SPOJ. Néu mady tinh clia Olympic
Tin hoc cé thé chay duoc thuat toan O(n) véi n = 1078 trong 1 gidy. Thi trong trwdng hop bai todn cla
ching ta hoan toan cé thé chay thuat toan 1 trong vong 0.5 gidy.
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Tha thudt — thudt toan tdt nhit c6 thé theo suy nghi cla tu duy
[tham lam] (thuat toan3)

Pay la mot thuat toédn lai ghép hai cach lam trén (néu may cham chi chay dugc thuat toan O(n) vdi
n = 1077 trong thoi gian 1 gidy, tic la trong trwdng hop cda thuat todn 1 13 2 gidy).

- Chay thuat todn thir 2: Cho x chay tir 0 t&i 1000. Néu tén tai nghiém nao cda m thi OK, dirng ludn.
- Né&u khdng t6n tai nghiém nao cla m thi chay thuat todn thr 1.

U'u diém cla cach lam nay: L3y thoi gian cla céi tdi wu bl cho thai gian cla cdi khéng tdi wu (trudng hop
Xau nhat).

D3t van dé sang khia canh khac (thuat toan4)

Khéng mat tinh téng quét, ta gia s&r m <=n.

Tuw (*1) ta co:

m*m + (m+1)*(m+1) <= 2k

= 2m”"2 <=2k

& m <= sqrt(k)

Thuat toan

Vay thuat toan & day l1a: Duyét m tir 1 t&i sqrt(k). Sau d6 véi mdi m thay vao (*1) va ta tim dwoc n bang
cach giai phuwong trinh bac hai an n.

Do phirc tap tinh toan: T(n) = O(t*sqrt(k))
Véit =20 va k = 10712 thi T = 2*1077. Ttc 1a cling chang t6t hon so véi thuat toan 1. Xét vé ban chat thi

thuat toan 1 va thuat toan 4 la tvong duong nhau.

Két ludn 2

V&i mdi cach ti€p can, mdi cai nhin vé dit liéu ta lai c6 mot thuat todn khac nhau. Muc dich cudi cung |3
giam dé phurc tap cta thuat todn dén mirc cé thé chap nhan dwoc. Nhu vay, thuat todn 3 1a lya chon t6t
nhat trong trudng hop nay. Ban cé thé dung thuat todn 3 dé 3n kha nhiéu tests.
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